Abstract. Let R(n) denote the number of representations of a large positive integer n as the sum of two squares, two cubes and two sixth powers. In this paper, it is proved that the anticipated asymptotic formula of R(n) fails for at most O((log X) 2+ε ) positive integers not exceeding X. This is an improvement of T. D. Wooley's result which requires O((log X) 3+ε ).
INTRODUCTION
Let R(n) denote the number of representations of the integer n in the shape It is worthy to note that 1 S(n) 1 (see Section 2 in [8] ). A heuristical application of the Hardy-Littlewood method, based on a major arc analysis only, suggests that R(n) satisfies the asymptotic relation
Γ(2) S(n)n(1 + o(1)). (1)
But to prove (1) is beyond the grasp of modern number theory techniques. T. D. Wooley [7] applied Golubeva's method to show, subject to the truth of the generalized Riemann hypothesis, that R(n) > 0 for all large integers n. However, his method fails to obtain the anticipated asymptotic formula for R(n).
We refer to a function ϕ(t) as being a sedately increasing function when ϕ(t) is a function of a positive variable t, increasing monotonically to infinity, and satisfying the condition that, when t is large, one has ϕ(t) = O(t δ ) for a positive number δ sufficiently small in the ambient context. We introduce E(X; ϕ) to denote the number of integers n with 1 ≤ n ≤ X such that
Wooley [8] established the upper bound
E(X; ϕ) ϕ(X)
2 (log X) 3 .
In this note, we obtain the following result.
Theorem. When ϕ(t) is a sedately increasing function, one has
By taking ϕ(n) = log log n, it follows that, for each ε > 0, the anticipated asymptotic formula fails for at most O((log X) 2+ε ) positive integers not exceeding X.
NOTATION AND SOME LEMMAS
Suppose that X is a large positive number and let ϕ(x) be a sedately increasing function. Whenever ε appears in a statement, either implicity or explicity, we assert that the statement holds for each ε > 0. Note that the value of ε may change from statement to statement. Write V (X; ϕ) to denote the set of integers n with X/2 < n ≤ X for which (2) holds, and write V = card V (X; ϕ) . Let
By orthogonality, we have
When Q is a positive number, we denote M(Q) to be the union of the intervals
For α ∈ M(Q 1 ), there may be more than one arc M(q, a) ⊂ M(Q 1 ) for which α ∈ M(q, a). In order to ensure that α ∈ (0, 1] is associated with uniquely defined arc M(q, a), we adopt the conversation that α lie in the arc for which q is least.
Lemma 2.1. For a suitable positive number τ , we have
Proof. See (2.1) in [8] and its proof.
Lemma 2.2. We have
Proof. See Lemma 3.1 in [8] .
The following lemma is partly J. Brüdern's Lemma 2 in [1] (see also Lemma 3.3 in [8] ).
function with a Fourier expansion
Proof. We will follow the argument of the proof of Lemma 2 in [1] . Note that by Theorem 271 in [2] , for h = 0
By the definition of M and (4), we have
This completed the proof of i).
For ii), we have
By (4), the contribution of the first part on the right-hand side of (5) is
By (4), the contribution of the second part is
In view of (5)- (7), we proved ii).
PROOF OF THE THEOREM
Write m = (0, 1] \ M(Q 0 ). By Lemma 2.1 and (2), for n ∈ V (X; ϕ), we have
.
There is a sequence of complex numbers η(n) satisfying |η(n)| = 1 such that
where
η(n)e(−αn). (10)
From (8) and (9), we have
According to Theorem 4 in [5] , when α ∈ M(q, a) ⊂ M(Q) and 1 ≤ Q ≤ 2X 1 2 , one has
As a consequence of Dirichlet's theorem on Diophantine approximation and (12), we obtain
Lemma 3.1. We have
Proof. See Lemma 2.1 in [6] and its proof.
Lemma 3.2. We have
Proof. Applying Cauchy's inequality and Lemma 2.2, we have
One has
e(αh)
Then according to Lemma 2.3 ii), we have
where we used Lemma 3.1 and
As a consequence of (14) and (15), we obtain
Lemma 3.3. We have Define 
